Homomorphisms of Lattices of Integer-Valued Continuous Functions  by Shore, S.D.
MATHEMATICS 
HOMOMORPHISMS OF LATTICES OF INTEGER-VALUED 
CONTINUOUS FUNCTIONS 
BY 
S. D. SHORE 
(Communicated by Prof. H. FREUDENTHAL at the meeting of March, 27 1965) 
The structure O(X, Z) of all integer-valued continuous functions defined 
on a topological space X may be viewed in various algebraic settings. 
Notably, this structure has been studied as a ring by R. S. PIERCE [5] 
and as a lattice, as well as a ring, by S. MROWKA [2]. Essentially, their 
work parallelled known results in the theory of real-valued continuous 
functions. Mrowka, for example, shows that if X is compact, then every 
ring homomorphism cp: O(X,Z)--+Z can be expressed as cp(f)=IX(f(Xo)) 
for every t in O(X, Z), where Xo is some point of X and IX: Z --+ Z is a 
ring homomorphism The object of this paper is to investigate the 
existence of a similar representation for a lattice homomorphism 
cp: O(X, Z) --+ Z; in particular, we wish to determine when every lattice 
homomorphism cp: O(X, Z) --+ Z can be written in the form 
(*) cp(f)=IX(f(XO)) for every t EO(X,Z), 
where Xo is some point of X and IX: Z --+ Z is a lattice homomorphism. 
(When a lattice homomorphism cp: O(X, Z) --+ Z can be written in the 
form (*), we will say that cp has a trivial representation at the point xo). 
In contrast, the problem of finding a representation for lattice homo-
morphisms defined on the lattice of real-valued continuous functions is 
essentially unsolved (see [3]). 
It will be shown that a lattice homomorphism cp: O(X, Z) --+ Z has 
a trivial representation at Xo if, and only if, for t,gEO(X,Z),t(xo)=g(xo) 
implies that cp(f) = cp(g). This leads to the consideration of the following 
types of subsets of X. A set A(C X) is a support for cp iff tJA =g/A for 
t,gEO(X,Z) (i.e., t(x)=g(x) for each xEA) implies that cp(f)=cp(g). 
Thus, we begin this study by investigating the existence of supports 
for an arbitrary lattice homomorphism cp: O(X, Z) --+ Z and, in particular, 
the existence of smallest supports. Hence, if a smallest support exists 
and is one point, then the homomorphism has a trivial representation. 
In this connection a smallest support may not exist. However, if X 
has a base of open-and-closed sets, then every cp: O(X, Z) --+Z has a 
one-point support (hence, a trivial representation), if and only if, X is 
compact. Essentially, when X is an arbitrary Hausdorff space, then 
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every lattice homomorphism rp: C(X, Z) --+ Z has a trivial representation 
if, and only if, there is a compact space Xo with a base of open-and-closed 
sets such that C(X, Z) and C(Xo, Z) are lattice isomorphic. A more general 
representation is found for any lattice homomorphism rp: C(X, Z) --+ Z 
in the case that X is Z-pseudocompact (i.e., every t E C(X, Z) is bounded). 
Other results that arise in the course of the investigation are: A new 
characterization of the O-dimensional compactification of a space with 
a base of open-and-closed sets, a general method for constructing lattice 
homomorphisms, and a characterization of Z-pseudocompact spaces with 
a base of open-and-closed sets. 
The major part of this paper is taken from the author's doctoral 
dissertation which was written under S. Mrowka at The Pennsylvania 
State University. The author acknowledges with gratitude the helpful 
suggestions of Professor Mrowka. 
We now set some notations and conventions that will be used. Only 
topological spaces that are Hausdorff will be considered. Z will denote 
the lattice of integers. C(X, Z) is the set of all integer-valued continuous 
functions defined on X and C*(X, Z) denotes the bounded functions in 
C(X, Z). For Z E Z, z denotes the function in C(X, Z) defined by z(x) =Z 
for every x EX. (J)[X] (or, briefly, (J) when no confusion is possible) will 
denote the set of all lattice homomorphisms rp: C(X, Z) --+ Z. 
§ l. Supports 
We shall say that a space is O-dimensional provided that there is a 
base for its topology consisting of open-and-closed sets. It has been 
shown [1 ] that for any O-dimensional space X there is a O-dimensional 
compact space Vf.2X, which contains X as a dense subspace, such that 
(E) every continuous function t: X --+!», where!» is the two-point 
discrete space, admits a continuous extension f*: Vf.2X --+ !». 
Moreover, Vf.2X is unique in the sense that, if X* IS any other 
O-dimensional compactification of X with property (E), then there is 
a homeomorphism h: X* --+Vf.2X such that h(x)=x for every x in X. 
In fact, the space !» is (E) may be replaced by any O~dimensional 
compact space. 
For our purposes it IS convenient to give a second characterization 
of Vf.2X in 
Theorem l.l. Let X* be a O-dimensional compactification of X. 
Then, there is a homeomorphism h: X* --+Vf.2X with h(x)=x for every 
x E X if, and only if, for any open-and-closed set A in X there is an 
open-and-closed set A* in X* such that A* n X=A and AX*=A*. 
Proof. Suppose that A is an open-and-closed set in X. Then, t in 
C(X, Z), defined by t(x) = 0 for x E A and t(x) = 1 otherwise, admits a 
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continuous extension f*: X* --+!». Letting A * = {x E X*: f*(x) = O}, we 
have that A * n X =A and that A * =Ax*. 
Conversely, iff: X --+!» is a continuous function, then A = {x EX: f(x) = O} 
is open-and-closed in X. By hypothesis A =A * n X for some open-and-
closed set A * in X*. Consequently, f*: X* --+!», defined by f*(x) = 0 for 
x E A * and f*(x) = 1 otherwise, is a cont'inuous extension of f so that 
X* has property (E). 
An immediate application of this theorem is contained in the following 
construction of a lattice homomorphism. Let X be an arbitrary 
O-dimensional space and VPfiX be its O-dimensional compactification. 
Suppose that f* is an arbitrary function in O(VPfiX, Z) and p* is a point 
in VPfiX. Then, 
g;= {g E O(X, Z): g(x) <f*(x), if x E (N n X), for some neighborhood 
N of p*} 
is an ideal in the distributive lattice O(X, Z), whereas 
J? = {g E O(X, Z): g(x) > f*(x), if x E (N n X), for some neighborhood 
N of p*} 
is a disjoint dual ideal. 
For any function go EO(X,Z) the set A={x EX: go(x)<f*(x)} is 
open-and-closed in X. If A' is the complement of A in X then it follows 
from Theorem 1.1 that A * = AVPfiX and A'* =A'vPfiX are open-and-closed 
sets in VPfiX; moreover, A * n A'* = 0 and A * u A'* =VPfiX. Hence, 
p* E A (and go is in g;) or p* E A' (and go is in J?); that is, g; u J? =O(X, Z). 
We conclude that g; is a prime ideal so that the mapping cp: O(X, Z) --+ Z, 
defined by p, if f ¢ g; 
cp(f) = ~ 0, if f Eg;, 
is a lattice homomorphism. We will say that cp is the homomorphism 
determined by f* at the point p*. (Note that Z could be replaced in this 
construction by an arbitrary chain). 
Returning now to the investigation of supports for a homomorphism, 
we have 
Lemma 1.2. If the lattice homomorphism cp: O(X, Z) --+ Z is not 
constant, then an open-and-closed set A in X is a support for cp if, 
and only if, A' (the complement of A in X) is not a support for cp. 
Proof. Suppose that A is an open-and-closed set in X. Then, 
O(X, Z) is lattice isomorphic to the direct product of O(A, Z) and 
O(A', Z); that is, O(X, Z) = [O(A, Z)] x [O(A', Z)]. Define a congruence 
relation lJf on O(X, Z) by (f, f') - (g, g') (lJf) for f, g E O(A, Z) and 
f', g' E O(A', Z) if, and only if, cp(f, f') = cp(g, g'). In the usual way, lJf 
induces a congruence relation on O(A, Z), given by f = g (1JI) iff 
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(f, fo') - (g, fo') ('P) for some fo' in O(A', Z). Equivalently, f - g ("P) iff 
(f, f') = (g, f') ('P) for any f' in O(A',Z). Similarly, we obtain a congruence 
relation "P' on O(A', Z). Forming the resulting factor algebras, we have 
that O(X, Z)/'P is lattice isomorphic to the direct product of O(A, Z)/"P 
and O(A', Z)/"P'; that is, O(X, Z)/'P = [O(A, Z)/"P] x [O(A', Z)/"P']. How-
ever, O(X, Z)/'P is a chain (with at least two elements) from which we 
conclude one of the factors must be trivial (i.e., a singleton) and the 
other is not. Suppose that the second factor is trivial. It follows that A 
is a support for cp and A' is not a support. 
Again we remark that Z in Lemma 1.2 could be replaced by an 
arbitrary chain. A set A will be called a weak support for a homomorphism 
cp E tP [X] provided that flU = g/U for f, g E O(X, Z) and some neigh-
borhood U of A implies that cp(f) = cp(g). If X has a base of open-and-closed 
sets, it is clear from this lemma that any cp: O(X,Z) ~Z has arbitrarily 
small supports; however, cp may not have a smallest support. That this 
is the case is shown in 
Theorem 1.3. If X is O-dimensional, then every lattice homo-
morphism cp: O(X, Z) ~ Z has a one-point weak support in any O-dimen-
sional compactification. 
Proof. We first remark that the theorem has meaning since any 
O-dimensional space X has at least one O-dimensional compactification, 
namely, VPfiX. 
Suppose now that X* is a O-dimensional compactification of X and 
that cp: O(X, Z) ~ Z is a non constant homomorphism (if it is constant, 
the result is immediate). Let .Y(cp) be the set of open-and-closed sets in 
X that are supports for cp. Lemma 1.2 assures us that .Y(cp) is not 
empty and closed under finite intersection. Since X* is compact, 
S* = n {A x*: A E .Y( cp)} is a nonempty set in X*. However, points in 
X* can be separated by open-and-closed sets so that S* can contain 
at most one point, say, x*. If A * is any open-and-closed neighborhood 
of x* in X*, then A * n X is a support for cp. This establishes the theorem. 
An even more interesting property arises when X* =VPfiX. For cp E tP[X] 
let .Y(cp) denote the open-and-closed sets in X that are supports for cp. 
We then have 
Corollary 1.4. If X is O-dimensional, then two lattice homo-
morphisms cp, cp' E tP have the same one-point weak support in VPfiX if, 
and only if, .Y(cp) = .Y(cp'). 
Proof. Sufficiency is obvious from the proof of the preceding theorem. 
Conversely, suppose that cp and cp' have the same one-point weak support 
in VPfiX, say, {p}. If A E .Y(cp), then A =A * n X for some open-and-closed 
set A* in VPfiX with AVPfix=A*. Since p EA* and p is a weak support 
for cp', we conclude that A * n X =A is in .Y(cp') and .Y(cp) C .Y(cp'). 
Similarly, it is shown that .Y(cp') C .Y(cp). 
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We remark that this property (of Corollary 1.4) does, in fact, charac-
terize vpjX. In a sense, Theorem 1.3 is the strongest result that can be 
obtained for an arbitrary O-dimensional space X; that is, we have 
Theorem 1.5 If X is O-dimensional, then every lattice homo-
morphism cp: C(X, Z) ~ Z has a one-point support if, and only if, X is 
compact. 
Proof. Suppose first that X is O-dimensional compact and cp: C(X,Z) ~Z 
is a lattice homomorphism. From Theorem 1.3 cp has a one-point weak 
support in X, say, {xo}. Now, if t(xo) = g(xo), then A = {x EO X: t(x) = g(x)} 
is an open-and-closed neighborhood of Xo so that cpU) = cp(g). That is, 
{xo} is a one-point support for cp. 
Conversely, suppose that X is not compact. Then, X h vpjX but 
X #-vpjX; choose p EO [vpjX\X]. Let cp be the homomorphism determined 
by the constant function 0 (in C(vpjX, Z)) at the point p. 
It is not difficult to verify that cp does not have a one-point support. 
For x' EO X there is an open-and-closed neighborhood U of x' such that 
prtUvpjx. Define f'EOC(X,Z) by f'(x)=O, ifxEO[UnX], and f'(x) = 1, 
if x EO [X\U]. Then, f'(x')=O=O(x'), but cp(f')=l#-O=cp(O); that is, 
{x'} is not a support for cp. 
We point out that O-dimensionality is really only essential in the 
proof of necessity. That this restriction may not be omitted in this 
respect is made clear by considering C(R, Z), where R is the space of real 
numbers. Since C(R, Z) is lattice isomorphic to Z, every lattice homo-
morphism cp: C(R, Z) ~ Z has a one-point support (namely, any point 
of R); however, R is not compact. On the other hand, the converse holds 
without this restriction. This has already been noted in [4] (and will 
arise as a corollary in § 2). The technique that was used there is similar 
to the one given here. 
§ 2. Representations 
The previous section provides a basis for discussing the problem of 
finding a representation for a lattice homomorphism cp: C(X, Z) ~ Z. 
Most particularly, we are interested in what restrictions on X (if any) 
guarantee that every lattice homomorphism cp: C(X, Z) ~ Z can be 
expressed in the form (*), that is, has a trivial representation at some 
point of X. 
We observe immediately 
Lemma 2.1. A lattice homomorphism cp: C(X,Z) ~Z has a trivial 
representation at Xo iff {xo} is a (one-point) support for cp. 
Proof. Necessity is obvious. Conversely, if {xo} is a support for cp, 
then cpU) = a(f(xo)) for every tEO C(X, Z), where a(z) = cp(z) for each z EO Z. 
Suppose now that X is an arbitrary Hausdorff space. It has been 
537 
shown ([1], [5]) that there is a space Xo with a base of open-
and -closed sets and a continuous (onto) function 6: X -+ Xo such that 
6* : C(Xo, Z) -+ C(X, Z), defined by 6*(fo) = /006 for every /0 E C(Xo, Z), 
is a lattice isomorphism 1). Moreover, this space Xo is unique in the 
sense that any other space with these properties must be homeomorphic 
to Xo. We will call Xo the O-dimensional trans/ormation of X. 
In view of these considerations, a lattice homomorphism rp: C(X, Z) -+ Z 
induces a lattice homomorphism rpo: C(Xo, Z) -+ Z, defined by rpo(fo) = 
rp(fo 0 6) for each /0 E C(Xo, Z). Using these notations, we have 
Lemma 2.2. A set A (C X) is a support for rp if, and only if, 
6 [A] (C Xo) is a support for rpo. 
An easy consequence of this observation is 
Theorem 2.3. Every lattice homomorphism rp: C(X, Z) -+ Z has a 
one-point support if, and only if, the O-dimensional transformation of 
X is compact. 
Proof. Suppose that Xo is a O-dimensional transformation of X 
with the associated continuous function 6: X -+ Xo and the lattice 
isomorphism 6*: C(Xo, Z) -+ C(X, Z). 
Suppose that Xo is compact and rp: C(X, Z) -+ Z is a lattice homo-
morphism; let rpo: C(Xo, Z) -+ Z be the lattice homomorphism induced 
by rp. From Theorem 1.5 rpo has a one-point support, say, {xo}. Conse-
quently, if x' is any point in X with 6(x')=xo, then x' is a (one-point) 
support for rp from Lemma 2.2. Conversely, if Xo is not compact, then 
there is a lattice homomorphism rpo: C(Xo, Z) -+ Z which does not have 
a one-point support. Hence, rp: C(X, Z) -+ Z, defined by rp(f) = rpo(6*-1(f)) 
for every / E C(X, Z), can not have a one-point support. 
An immediate corollary from Lemma 2.1 is 
Corollary 2.4. Every lattice homomorphism rp E ([>[X] has a trivial 
representation (at some point of X) iff the O-dimensional transformation 
of X is compact. 
Moreover, we have 
Corollary 2.5. If X is an arbitrary compact Hausdorff space, then 
every lattice homomorphism rp: C(X, Z) -+ Z has a trivial representation 
at some point of X. 
Finally, suppose that X is an arbitrary Hausdorff space which is 
Z-pseudocompact (i.e., every function / E C(X, Z) is bounded). Let Xo 
be the O-dimensional compactification of X with the associated continuous 
function 6 and lattice isomorphism 6*. It follows that Xo is Z-pseudo-
compact so that C(Xo, Z) and C(v~Xo, Z) are lattice isomorphic, namely, 
by the isomorphism 'Y}: C(Xo, Z) -+ C(v~Xo, Z), defined by 'Y}(fo) = /0* for 
1) Actually, as it is pointed out in [1], the mapping ()* will preserve any operation 
which is defined pointwise in O(X, Z). 
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each 10 E O(XO, Z), where 10* is the continuous extension of 10. The 
existence of 10* E O(VPfiXo, Z) is guaranteed from property (E) (with Pfi 
replaced by the finite range of 10). We conclude that, if rpo: O(Xo, Z) ---J> Z 
is an arbitrary lattice homomorphism, then rpo can be written in the form 
rpo(fo) = 1X(f0 * (x*)) for every 10 E O(Xo, Z), 
where x* is some point of VPfiXo, 10* E O(VPfiXo, Z) with 10* /Xo= 10, and 
IX: Z ---J> Z is a lattice homomorphism (i.e., a nondecreasing function). 
From this discussion follows 
Theorem 2.6. If X is Z-pseudocompact, then every lattice homo-
morphism rp: O(X, Z) ---J> Z can be written in the form 
rp(f) = IX(fO * (x*)) for every 1 E O(X, Z), 
where x* is some point in VPfiXO and Xo is the O-dimensional transformation 
of X,/o* EO(VPfiXo,Z) with 10*/Xo=/o and 6*(fo)=I, and IX:Z ---J>Z is a 
nondecreasing function. 
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